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GENERIC METRICS SATISFY THE GENERIC CONDITION
ERIC LARSSON
Abstract. We prove that the “generic condition” used in singularity
theorems of general relativity is generic in the space of Lorentzian met-
rics on a given manifold, in the sense that it is satisfied for all metrics
in a residual set in the Whitney 𝐶𝑘-topology, for 𝑘 depending on the
dimension of the manifold.
1. Introduction
In singularity theorems, for instance the Hawking–Penrose singularity the-
orem [6, Theorem 2, Chapter 8, page 266], a condition called the generic con-
dition is imposed on the spacetime. In index notation, this condition states
that for each inextendible timelike or lightlike geodesic 𝛾 there is some point
𝛾(𝑡) at which ?˙?𝑒?˙?𝑓 ?˙?[𝑎𝑅𝑏]𝑒𝑓 [𝑐?˙?𝑑] ̸= 0. The condition can be written in index-
free notation using the Kulkarni–Nomizu product, as we do in Definitions 1.2
and 1.4. For a general discussion of singularity theorems and the role of the
generic condition, see [11].
It has been proposed (see for instance [6, page 101]) that this “generic
condition” should be “generic” (in some suitable sense) among Lorentzian
metrics on a given manifold. In a paper [1] called “The Generic Condition
Is Generic” and a follow-up paper [2] Beem and Harris proved, among other
things, that if there is a sufficiently large set of vectors 𝑋 ∈ 𝑇𝑝𝑀 satisfying
𝑋𝑒𝑋𝑓𝑋[𝑎𝑅𝑏]𝑒𝑓 [𝑐𝑋𝑑] = 0 then the curvature tensor at 𝑝 has a very restricted
form. This suggests that violations of the generic condition should be rare.
However, this analysis concerns only a single point and does not in itself
completely answer the question of whether the generic condition is generic
in a more global sense.
We will prove that the set of metrics which satisfy the generic condition
form a residual subset, in other words a countable intersection of dense open
sets, of the space of all Lorentzian metrics on a fixed manifold, when this
space is given the Whitney 𝐶𝑘-topology, for 𝑘 depending on the dimension of
the manifold. The globalization of the argument is done by using a transver-
sality theorem. A similar method was used by Rendall in [8] and [9] to prove
different genericity statements.
To express the generic condition in index-free notation we use the Kulkarni–
Nomizu product (see [3, Definition 1.110]).
Definition 1.1. Let ℎ and 𝑘 be symmetric 2-tensors. Their Kulkarni–
Nomizu product ℎ ∧○ 𝑘 is defined by
(ℎ ∧○ 𝑘)(𝑥, 𝑦, 𝑢, 𝑣)
= ℎ(𝑥, 𝑢)𝑘(𝑦, 𝑣) + ℎ(𝑦, 𝑣)𝑘(𝑥, 𝑢)− ℎ(𝑥, 𝑣)𝑘(𝑦, 𝑢)− ℎ(𝑦, 𝑢)𝑘(𝑥, 𝑣).
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2 ERIC LARSSON
Definition 1.2. Let (𝑀, 𝑔) be a Lorentzian manifold with (0, 4) curvature
tensor 𝑅. We say that a vector 𝑋 ∈ 𝑇𝑀 is generic if
(𝑋♭ ⊗𝑋♭) ∧○ 𝑅( · , 𝑋, · , 𝑋) ̸= 0.
In index notation this condition reads 𝑋𝑒𝑋𝑓𝑋[𝑎𝑅𝑏]𝑒𝑓 [𝑐𝑋𝑑] ̸= 0, so our defi-
nition is equivalent to the one used in [1] and [2].
Definition 1.3. Let (𝑀, 𝑔) be a Lorentzian manifold with (0, 4) curvature
tensor 𝑅. Let 𝑋 be a vector and let 𝑟 be a nonnegative integer. Let 𝛾 be a
geodesic segment with ?˙?(0) = 𝑋. We say that the vector 𝑋 is 𝑟-nongeneric
if for all integers 𝑘 ∈ [0, 𝑟] it holds that
∇𝑘?˙?(0)
(︁
(?˙?♭ ⊗ ?˙?♭) ∧○ 𝑅( · , ?˙?, · , ?˙?)
)︁
= 0.
Definition 1.4. A Lorentzian manifold satisfies the timelike generic condi-
tion if every inextendible timelike geodesic 𝛾 has some point at which ?˙? is
generic. The lightlike generic condition and spacelike generic condition are
defined analogously.
We say that a Lorentzian manifold satisfies the generic condition if it
satisfies the timelike and lightlike generic conditions.
We will show that each of these generic conditions is generic in the space
of all Lorentzian metrics, in the sense made precise in the following theorem.
Main Theorem (Generic metrics satisfy the generic condition). Let 𝑀 be
a smooth manifold of dimension 𝑛 ≥ 3. Let 𝑟 be an integer such that
𝑟 >
4𝑛− 2
(𝑛− 1)(𝑛− 2) .
Let 𝑘 ∈ Z ∪ {∞} be such that 𝑘 ≥ 𝑟 + 2. Let 𝐿 denote the fiber bundle
of inner products of Lorentzian signature on 𝑇𝑀 and endow the set Γ∞(𝐿)
of smooth sections of 𝐿 (i.e. the set of Lorentzian metrics on 𝑀) with the
Whitney 𝐶𝑘-topology. Then there is a residual and dense set 𝐺 ⊆ Γ∞(𝐿)
such that if 𝑔 ∈ 𝐺 then no nonzero vector is 𝑟-nongeneric in 𝑔.
This implies that if 𝑔 ∈ 𝐺 then the points at which (?˙?♭⊗?˙?♭) ∧○ 𝑅( · , ?˙?, · , ?˙?)
is zero along any 𝑔-geodesic 𝛾 form a discrete set. In particular,
∙ the lightlike generic condition holds for each metric 𝑔 ∈ 𝐺,
∙ the timelike generic condition holds for each metric 𝑔 ∈ 𝐺,
∙ the spacelike generic condition holds for each metric 𝑔 ∈ 𝐺.
The theorem tells us that for generic metrics, each geodesic has a dense
subset where the tangent vectors are generic. This statement is much stronger
than the generic condition, which demands only that this holds at at least
one point along the geodesic, not on a dense set. The methods we will use
to prove the theorem are well-suited for obtaining properties on dense sets,
but do not capture the concept of “at least one point”.
It is also worth noting that the theorem tells us that the generic condition
is generic in the space of all Lorentzian metrics. It would perhaps be more
interesting to be able to prove that the generic condition is generic in a set
of Lorentzian metrics satisfying some additional condition, for instance that
of being Ricci flat. To obtain such a theorem, one might need to adapt the
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methods to capture the notion of “at least one point”. This global property of
the generic condition is what makes it difficult to work with, and by proving
a much stronger conclusion we sidestep this problem altogether.
The method we will use to prove the theorem is inspired by the method
used by Rendall in [8] and [9].
1.1. Notation. Throughout the paper, 𝑀 will denote a smooth manifold
of dimension 𝑛. The fiber product of fiber bundles over 𝑀 will be denoted
by ×𝑀 . The 𝑟-fold Whitney sum 𝐸 ⊕𝐸 ⊕ · · · ⊕𝐸 of a vector bundle 𝐸 over
𝑀 will be denoted by 𝐸⊕𝑟. We will use 𝑇𝑀 to denote the tangent bundle
without its zero section. In other words, its fiber 𝑇𝑝𝑀 over 𝑝 is 𝑇𝑝𝑀 ∖ {0}.
The fiber bundle of inner products of Lorentzian signature on 𝑇𝑀 will be
denoted by 𝐿→ 𝑀 . The space of smooth sections of 𝐿, in other words the
space of smooth Lorentzian metrics on 𝑀 , will be denoted by Γ∞(𝐿). The
𝑘-jet bundle of 𝐿, as described in Appendix A, will be denoted by 𝐽𝑘𝐿, and
the 𝑘-jet of a metric 𝑔 evaluated at 𝑝 ∈𝑀 will be denoted by 𝑗𝑘𝑝𝑔.
2. Surjectivity of the curvature computation map
In this section we will show that the map which computes a curvature
tensor and its derivatives (in a fixed direction) from a metric and its deriva-
tives is a submersion. This property is used in Section 4 to determine the
codimensions of the inverse images of manifolds constructed in Section 3
to encode nongenericity of vectors. We begin with a lemma which reduces
the submersivity of a fiber bundle map to submersivity of its restrictions to
individual fibers.
Lemma 2.1. Let 𝐵 and 𝐵′ be smooth manifolds. Let 𝐸 𝜋−→ 𝐵 and 𝐸′ 𝜋′−→ 𝐵′
be smooth fiber bundles. Let Φ: 𝐸 → 𝐸′ be a smooth bundle map which
projects to a smooth map 𝜑 : 𝐵 → 𝐵′. Suppose that 𝜑 is a submersion and
that Φ is a fiberwise submersion (in the sense that for each 𝑏 ∈ 𝐵 the fiberwise
restriction Φ𝑏 : 𝐸𝑏 → 𝐸′𝜑(𝑏) is a submersion). Then Φ is a submersion.
Proof. Let 𝐹 and 𝐹 ′ be spaces which are diffeomorphic to the fibers of 𝐸
and 𝐸′. Choose some point 𝑒 ∈ 𝐸, and let 𝑏 = 𝜋(𝑒). We will show that Φ is
submersive at 𝑒. Choose an open trivializing neighborhood 𝑝 ∈ 𝑈 ⊆ 𝐵 for
𝐸. Let 𝑈 ′ = 𝜑(𝑈). The map 𝜑 is a submersion, and hence open, so 𝑈 ′ is an
open neighborhood of 𝜑(𝑝) in 𝐵′. After possibly shrinking 𝑈 , the set 𝑈 ′ is
a trivializing neighborhood for 𝐸′. With respect to these trivializations, the
map Φ can be written as
Φ(𝑏, 𝑓) = (𝜑(𝑏),Φ𝑏(𝑓)).
Since Φ𝑏 is a submersion, the image of the tangent map of this map contains
the linear subspace {0}×𝑇Φ𝑏(𝑓)𝐹 ′ ⊆ 𝑇𝜑(𝑏)𝐵′×𝑇Φ𝑏(𝑓)𝐹 ′. Since 𝜑 is a submer-
sion, it also contains a linear subspace of dimension dim𝐵′ which intersects
{0} × 𝑇Φ𝑏(𝑓)𝐹 ′ only in 0. Hence the tangent map is surjective, proving that
Φ is submersive at 𝑒. 
We now turn to the definition of maps 𝛼𝑟 which compute curvature tensors
and their derivatives.
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Definition 2.2. Given a smooth manifold 𝑀 , let R → 𝑀 be the vector
bundle of tensors with the symmetries of Riemann curvature tensors, in
other words the vector bundle of (0, 4)-tensors 𝑅 such that
𝑅(𝑥, 𝑦, 𝑣, 𝑤) = −𝑅(𝑦, 𝑥, 𝑣, 𝑤),
𝑅(𝑥, 𝑦, 𝑣, 𝑤) = −𝑅(𝑥, 𝑦, 𝑤, 𝑣),
𝑅(𝑥, 𝑦, 𝑣, 𝑤) + 𝑅(𝑦, 𝑣, 𝑥, 𝑤) + 𝑅(𝑣, 𝑥, 𝑦, 𝑤) = 0.
Definition 2.3. For each 𝑟 ∈ N, we will define a map
𝛼𝑟 : 𝑇𝑀 ×𝑀 𝐽1+𝑟𝐿→ 𝑇𝑀 ×𝑀 𝐽1𝐿×𝑀 R⊕𝑟.
Here 𝑇𝑀 denotes the tangent bundle without its zero section. For 𝑟 = 0,
define 𝛼0 : 𝑇𝑀 ×𝑀 𝐽1𝐿→ 𝑇𝑀 ×𝑀 𝐽1𝐿 to be the identity. For 𝑟 ≥ 1, proceed
as follows. For (𝑋, [𝑔]) ∈ 𝑇𝑀 ×𝑀 𝐽1+𝑟𝐿, based at a point 𝑝 ∈𝑀 , let 𝑔 be a
representative of [𝑔]. Explicitly, 𝑔 is a Lorentzian metric on a neighborhood
of 𝑝. Extend 𝑋 to a parallel vector field on the 𝑔-geodesic starting with 𝑋.
Let 𝑅 be the curvature tensor of 𝑔. For 𝑟 ≥ 1, define
𝛼𝑟(𝑋, [𝑔]) = (𝑋, 𝑗
1
𝑝𝑔,𝑅,∇𝑋𝑅,∇2𝑋𝑅, . . . ,∇𝑟−1𝑋 𝑅)
(where 𝑅 and its covariant derivatives are evaluated at 𝑝). The maps 𝛼𝑟
are well-defined since the curvature tensor and its derivatives of orders up to
𝑟 − 1 along a geodesic starting with 𝑋 can be computed pointwise in terms
of 𝑋 and the derivatives of the metric of orders up to 𝑟 + 1. It is smooth
since 𝑅 and its derivatives depend smoothly on 𝑋 and 𝑔.
Lemma 2.4. For each 𝑟 ∈ N, the map 𝛼𝑟 is a submersion.
Proof. The map 𝛼0 is the identity, which is a submersion. For 𝑟 ≥ 1 we
proceed by induction. Suppose that 𝛼𝑟−1 is a submersion. Consider the
fiber bundles
𝑇𝑀 ×𝑀 𝐽1+𝑟𝐿→ 𝑇𝑀 ×𝑀 𝐽𝑟𝐿,
𝑇𝑀 ×𝑀 𝐽1𝐿×𝑀 R⊕𝑟 → 𝑇𝑀 ×𝑀 𝐽1𝐿×𝑀 R⊕(𝑟−1).
We can use 𝛼𝑟 and 𝛼𝑟−1 to obtain a fiber bundle map
𝑇𝑀 ×𝑀 𝐽1+𝑟𝐿
𝑇𝑀 ×𝑀 𝐽𝑟𝐿
𝑇𝑀 ×𝑀 𝐽1𝐿×𝑀 R⊕𝑟
𝑇𝑀 ×𝑀 𝐽1𝐿×𝑀 R⊕(𝑟−1).
𝛼𝑟
𝛼𝑟−1
The map 𝛼𝑟−1 is a submersion by the induction hypothesis, so if we can
show that 𝛼𝑟 is a fiberwise submersion then Lemma 2.1 will tell us that it is
a submersion. Fix some 𝑞 ∈ 𝑇𝑀 ×𝑀 𝐽𝑟𝐿. We will show that the restriction
of 𝛼𝑟 to the fiber (𝑇𝑀 ×𝑀 𝐽1+𝑟𝐿)𝑞 over 𝑞 is a submersion.
An element of (𝑇𝑀 ×𝑀 𝐽1+𝑟𝐿)𝑞 corresponds to a tensor which in coordi-
nates can be suggestively denoted by 𝑔𝑎𝑏,𝑐𝑑𝑖1···𝑖𝑟−1 , since it is the collection
partial derivatives of order 𝑟+1 of a metric in coordinates. More formally, the
fiber (𝑇𝑀 ×𝑀 𝐽1+𝑟𝐿)𝑞 is isomorphic as a vector space to the space 𝑆2⊗𝑆𝑟+1
of (0, 3 + 𝑟)-tensors which are symmetric in the first two arguments and in
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the last 𝑟+1 arguments.1 The coordinate expression for the curvature tensor
in terms of the metric and Christoffel symbols is
𝑅𝑎𝑏𝑐𝑑 =
1
2
(𝑔𝑎𝑑,𝑏𝑐 + 𝑔𝑏𝑐,𝑎𝑑 − 𝑔𝑎𝑐,𝑏𝑑 − 𝑔𝑏𝑑,𝑎𝑐) + 𝑔𝑛𝑝
(︀
Γ𝑛𝑏𝑐Γ
𝑝
𝑎𝑑 − Γ𝑛𝑏𝑑Γ𝑝𝑎𝑐
)︀
.
This means that the coordinate expression for ∇𝑟−1𝑋 𝑅 is
(∇𝑟−1𝑋 𝑅)𝑎𝑏𝑐𝑑 = 𝑋𝑖1𝑋𝑖2 · · ·𝑋𝑖𝑟−1𝑅𝑎𝑏𝑐𝑑;𝑖1···𝑖𝑟−1
= 𝑋𝑖1 · · ·𝑋𝑖𝑟−1 1
2
(︀
𝑔𝑎𝑑,𝑏𝑐𝑖1···𝑖𝑟−1 + 𝑔𝑏𝑐,𝑎𝑑𝑖1···𝑖𝑟−1
−𝑔𝑎𝑐,𝑏𝑑𝑖1···𝑖𝑟−1 − 𝑔𝑏𝑑,𝑎𝑐𝑖1···𝑖𝑟−1
)︀
+ 𝐶(𝑞)
where 𝐶(𝑞) ∈ R depends only on 𝑋 and the derivatives of 𝑔 of order at most
𝑟, in other words 𝐶(𝑞) depends only on 𝑞. Without loss of generality, we
may work in coordinates where 𝑋1 = 1 and 𝑋𝑖 = 0 for 𝑖 ̸= 1. Then
(∇𝑟−1𝑋 𝑅)𝑎𝑏𝑐𝑑 =
1
2
(𝑔𝑎𝑑,𝑏𝑐1···1 + 𝑔𝑏𝑐,𝑎𝑑1···1 − 𝑔𝑎𝑐,𝑏𝑑1···1 − 𝑔𝑏𝑑,𝑎𝑐1···1) + 𝐶(𝑞).
Hence it holds for 𝑄 ∈ (𝑇𝑀 ×𝑀 𝐽1+𝑟𝐿)𝑞 that
𝛼𝑟(𝑄) =
1
2
(𝑄𝑎𝑑𝑏𝑐1···1 + 𝑄𝑏𝑐𝑎𝑑1···1 −𝑄𝑎𝑐𝑏𝑑1···1 −𝑄𝑏𝑑𝑎𝑐1···1) + 𝐶(𝑞).
This is a linear map from 𝑆2 ⊗ 𝑆𝑟+1 to R. Our goal is to show that it is a
submersion, which by linearity is equivalent to it being surjective. Choose
𝑃 ∈ R, let 𝑃 = 𝑃 −𝐶(𝑞) and let 𝑄 ∈ 𝑆2⊗𝑆𝑟+1 ∼= (𝑇𝑀 ×𝑀 𝐽1+𝑟𝐿)𝑞 be such
that
𝑄𝑎𝑏𝑐𝑑1···1 = −1
3
(︁
𝑃𝑎𝑐𝑏𝑑 + 𝑃𝑎𝑑𝑏𝑐
)︁
.
Then a computation involving the symmetries of 𝑃 ∈ R shows that
𝛼𝑟(𝑄) = 𝑃 + 𝐶(𝑞) = 𝑃,
proving that the restriction of 𝛼𝑟 to the fiber (𝑇𝑀 ×𝑀 𝐽1+𝑟𝐿)𝑞 is a submer-
sion. By Lemma 2.1 and the induction hypothesis, 𝛼𝑟 is then a submersion,
completing the proof. 
3. Manifolds encoding nongenericity
We will now construct a set which encodes nongenericity of vectors in
different metrics. Then, we will show that its intersection with the spaces
of timelike and lightlike vectors are smooth manifolds, and compute the
dimensions of these intersections.
Definition 3.1. For each 𝑟 ∈ N let N𝑟 ⊆ 𝑇𝑀 ×𝑀 𝐽1𝐿×𝑀 R⊕𝑟 be the set of
elements (𝑋, [𝑔], 𝑅0, 𝑅1, . . . 𝑅𝑟−1) such that for each 𝑖 ∈ {0, 1, . . . , 𝑟−1} and
all 𝐴,𝐵 ∈ 𝑇𝑝𝑀 which are [𝑔]-orthogonal to 𝑋 it holds that
𝑅𝑖(𝐴,𝑋,𝐵,𝑋) = 0.
Here 𝑇𝑝𝑀 is the fiber to which 𝑋 belongs.
The purpose of these sets is shown in the following lemma.
1Here we have used 𝑆𝑘 to denote the space of completely symmetric (0, 𝑘)-tensors on
the tangent space 𝑇𝜋(𝑞)𝑀 where 𝜋 : 𝑇𝑀 ×𝑀 𝐽𝑟𝐿→𝑀 is the fiber bundle projection.
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Lemma 3.2. Let (𝑀, 𝑔) be a Lorentzian manifold. Then a nonzero vector
𝑋 ∈ 𝑇𝑝𝑀 is 𝑟-nongeneric if and only if 𝛼𝑟+1(𝑋, 𝑗𝑟+2𝑝 𝑔) ∈ N𝑟+1.
Proof. Let 𝛾 : (−𝑎, 𝑎) →𝑀 be a segment of the geodesic with initial velocity
?˙?(0) = 𝑋. That 𝑋 is 𝑟-nongeneric is by definition the statement that
∇𝑘?˙?(0)
(︁
(?˙?♭ ⊗ ?˙?♭) ∧○ 𝑅( · , ?˙?, · , ?˙?)
)︁
= 0.
for 𝑘 ∈ {0, 1, . . . , 𝑟}. Since 𝛾 is a geodesic we have ∇?˙? ?˙? = 0, so it holds that
∇𝑘?˙?(0)
(︁
(?˙?♭ ⊗ ?˙?♭) ∧○ 𝑅( · , ?˙?, · , ?˙?)
)︁
=
(︁
?˙?(0)♭ ⊗ ?˙?(0)♭
)︁
∧○ (∇𝑘?˙?(0)𝑅)( · , ?˙?(0), ?˙?(0), · ).
In other words, 𝑋 being 𝑟-nongeneric is equivalent to
𝑋♭ ⊗𝑋♭ ∧○ (∇𝑘𝑋𝑅)( · , 𝑋, · , 𝑋) = 0 ∀𝑘 ∈ {0, 1, . . . , 𝑟}.
A computation by Beem and Harris [1, Proposition 2.2] tells us that this is
equivalent to
(∇𝑘𝑋𝑅)(𝐴,𝑋,𝐵,𝑋) = 0 for all 𝐴,𝐵 ∈ 𝑇𝑝𝑀 which are 𝑔-orthogonal to 𝑋.
That this holds for all 𝑘 ∈ {0, 1, . . . , 𝑟} is by definition of N𝑟+1 equivalent to
that 𝛼𝑟+1(𝑋, 𝑗𝑟+2𝑝 𝑔) ∈ N𝑟+1, completing the proof. 
We have now defined N𝑟 as a set and interpreted its elements in terms
of nongenericity. In the remainder of this section we will show that N𝑟 is
the union of two smooth manifolds and compute the dimensions of these
manifolds.
Let
(𝑇𝑀 ×𝑀 𝐽1𝐿)̸= = {(𝑋, [𝑔]) ∈ 𝑇𝑀 ×𝑀 𝐽1𝐿 | [𝑔](𝑋) ̸= 0},
(𝑇𝑀 ×𝑀 𝐽1𝐿)= = {(𝑋, [𝑔]) ∈ 𝑇𝑀 ×𝑀 𝐽1𝐿 | [𝑔](𝑋) = 0}.
These are submanifolds of 𝑇𝑀 ×𝑀 𝐽1𝐿 with codimensions 0 and 1, respec-
tively. For shorter notation, let
N̸=𝑟 = N𝑟 ∩
(︁
(𝑇𝑀 ×𝑀 𝐽1𝐿)̸= ×𝑀 R⊕𝑟
)︁
,
N=𝑟 = N𝑟 ∩
(︁
(𝑇𝑀 ×𝑀 𝐽1𝐿)= ×𝑀 R⊕𝑟
)︁
.
Proposition 3.3. The set N ̸=𝑟 is a smooth submanifold of 𝑇𝑀×𝑀𝐽1𝐿×𝑀R⊕𝑟
with codimension 𝑟𝑛(𝑛− 1)/2.
Proof. Since (𝑇𝑀×𝑀 𝐽1𝐿) ̸= has codimension 0 in 𝑇𝑀×𝑀 𝐽1𝐿, it is sufficient
to prove thatN ̸=𝑟 is a submanifold of (𝑇𝑀×𝑀𝐽1𝐿)̸=×𝑀R⊕𝑟 with codimension
𝑟𝑛(𝑛− 1)/2.
We will characterize the set N ̸=𝑟 as the zero set of a submersion
(𝑇𝑀 ×𝑀 𝐽1𝐿)̸= ×𝑀 R⊕𝑟 → (𝑆2𝐸)⊕𝑟,
where 𝐸 is a vector bundle over (𝑇𝑀 ×𝑀 𝐽1𝐿) ̸= which we shall presently
construct. Let 𝐸 ⊂ 𝑇𝑀 ×𝑀 (𝑇𝑀 ×𝑀 𝐽1𝐿) ̸= be the subbundle of the vector
bundle 𝑇𝑀 ×𝑀 (𝑇𝑀 ×𝑀 𝐽1𝐿) ̸= → (𝑇𝑀 ×𝑀 𝐽1𝐿)̸= defined by
𝐸 = {(𝐴,𝑋, [𝑔]) ∈ 𝑇𝑀 ×𝑀 (𝑇𝑀 ×𝑀 𝐽1𝐿) ̸= | [𝑔](𝐴,𝑋) = 0}.
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In other words, the fiber over (𝑋, [𝑔]) consists of vectors 𝐴 which are [𝑔]-
orthogonal to 𝑋.
Now define a vector bundle map
(𝑇𝑀 ×𝑀 𝐽1𝐿)̸= ×𝑀 R
(𝑇𝑀 ×𝑀 𝐽1𝐿)̸=
𝑆2𝐸
𝑐
by letting
𝑐(𝑋, [𝑔], 𝑅) = ((𝑣, 𝑤) ↦→ 𝑅(𝑣,𝑋,𝑤,𝑋)) .
This map is a fiberwise surjective linear map, since every symmetric (0, 2)-
tensor on a fiber 𝐸(𝑋,[𝑔]) is obtained as 𝑅( · , 𝑋, · , 𝑋) for some 𝑅 ∈ R. (Note
that 𝑋 /∈ 𝐸(𝑋,[𝑔]). This is necessary for the map to be surjective.) By
combining 𝑟 copies of this map, we obtain a vector bundle map
(𝑇𝑀 ×𝑀 𝐽1𝐿)̸= ×𝑀 R⊕𝑟
(𝑇𝑀 ×𝑀 𝐽1𝐿) ̸=.
(𝑆2𝐸)
⊕𝑟𝑐⊕ · · · ⊕ 𝑐
The map 𝑐 ⊕ · · · ⊕ 𝑐 is a fiberwise submersion, since each 𝑐 is a fiberwise
surjective linear map. By Lemma 2.1, this map is then a submersion of
total spaces. Hence the inverse image of the zero section in (𝑆2𝐸)⊕𝑟 is a
submanifold of (𝑇𝑀 ×𝑀 𝐽1𝐿)̸= ×𝑀 R⊕𝑟 with the same codimension as the
codimension of the zero section in (𝑆2𝐸)⊕𝑟. This zero section has codimen-
sion 𝑟𝑛(𝑛− 1)/2 since 𝐸 has rank 𝑛− 1. The set N ̸=𝑟 coincides by definition
with this inverse image, completing the proof. 
The corresponding proof for N=𝑟 is very similar, but yields a different
codimension.
Proposition 3.4. The set N=𝑟 is a smooth submanifold of 𝑇𝑀×𝑀𝐽1𝐿×𝑀R⊕𝑟
with codimension 𝑟(𝑛− 1)(𝑛− 2)/2 + 1.
Proof. Since (𝑇𝑀×𝑀 𝐽1𝐿)= has codimension 1 in 𝑇𝑀×𝑀 𝐽1𝐿, it is sufficient
to prove thatN=𝑟 is a submanifold of (𝑇𝑀×𝑀𝐽1𝐿)=×𝑀R⊕𝑟 with codimension
𝑟(𝑛− 1)(𝑛− 2)/2.
We will characterize the set N=𝑟 as the zero set of a submersion
(𝑇𝑀 ×𝑀 𝐽1𝐿)= ×𝑀 R⊕𝑟 → (𝑆2𝐸)⊕𝑟,
where 𝐸 is a vector bundle over (𝑇𝑀 ×𝑀 𝐽1𝐿)= which we shall presently
construct. Let 𝐸 be the vector bundle defined by letting the fiber over
(𝑋, [𝑔]) ∈ (𝑇𝑀 ×𝑀 𝐽1𝐿)= be the quotient
𝐸(𝑋,[𝑔]) = {𝐴 ∈ 𝑇𝑝𝑀 | [𝑔](𝐴,𝑋) = 0}/R𝑋.
(Here 𝑝 is the image of (𝑋, [𝑔]) under the projection (𝑇𝑀 ×𝑀 𝐽1𝐿)= →𝑀 .)
In other words, the fiber over (𝑋, [𝑔]) consists of vectors 𝐴 which are [𝑔]-
orthogonal to 𝑋, modulo multiples of 𝑋.
8 ERIC LARSSON
Now define a vector bundle map
(𝑇𝑀 ×𝑀 𝐽1𝐿)= ×𝑀 R
(𝑇𝑀 ×𝑀 𝐽1𝐿)=
𝑆2𝐸
𝑐
by letting
𝑐(𝑋, [𝑔], 𝑅) = (([𝑣], [𝑤]) ↦→ 𝑅(𝑣,𝑋,𝑤,𝑋)) .
This definition is independent of the choice of representatives of [𝑣] and [𝑤]
since 𝑅(𝑋,𝑋, · , 𝑋) = 𝑅( · , 𝑋,𝑋,𝑋) = 0. The map is a fiberwise surjective
linear map, since every symmetric (0, 2)-tensor on a fiber 𝐸(𝑋,[𝑔]) is obtained
as 𝑅( · , 𝑋, · , 𝑋) for some 𝑅 ∈ R. (Note that the quotient in the definition
of 𝐸 is necessary for the map to be surjective.) By combining 𝑟 copies of
this map, we obtain a vector bundle map
(𝑇𝑀 ×𝑀 𝐽1𝐿)= ×𝑀 R⊕𝑟
(𝑇𝑀 ×𝑀 𝐽1𝐿)=.
(𝑆2𝐸)
⊕𝑟𝑐⊕ · · · ⊕ 𝑐
The map 𝑐 ⊕ · · · ⊕ 𝑐 is a fiberwise submersion, since each 𝑐 is a fiberwise
surjective linear map. By Lemma 2.1, this map is then a submersion of
total spaces. Hence the inverse image of the zero section in (𝑆2𝐸)⊕𝑟 is a
submanifold of (𝑇𝑀 ×𝑀 𝐽1𝐿)= ×𝑀 R⊕𝑟 with the same codimension as the
codimension of the zero section in (𝑆2𝐸)⊕𝑟. This zero section has codimen-
sion 𝑟(𝑛 − 1)(𝑛 − 2)/2 since 𝐸 has rank 𝑛 − 2. The set N=𝑟 coincides by
definition with this inverse image, completing the proof. 
4. Transversality
When 𝑓 : 𝑀 → 𝑁 is a smooth map and 𝑊 ⊆ 𝑁 is a smooth sub-
manifold we use the notation 𝑓 t 𝑊 to mean that 𝑓 is transverse to 𝑊 .
This means that if 𝑝 ∈ 𝑀 is such that 𝑓(𝑝) ∈ 𝑊 , then it holds that
𝑇𝑓(𝑥)𝑁 = 𝑇𝑓(𝑥)𝑊 + 𝑓*(𝑇𝑝𝑀). For our purposes, the most important conse-
quence of this definition is that if 𝑓 t 𝑊 and dim(𝑀) < codim(𝑊 ), then
im(𝑓) ∩ 𝑊 = ∅. For details on transversality, see [5, Chapter II] and [7,
Chapter 3].
In this section, we will use the following transversality theorem to prove
the Main Theorem. It is a version of the Thom Transversality Theorem,
which can be proved in the same way as [5, Chapter II, Theorem 4.9], or by
using [4, Theorem 2.3.2].
Proposition 4.1. Let 𝐸 → 𝑀 and 𝐸′ → 𝑀 be smooth fiber bundles. Sup-
pose that𝑊 is a submanifold of the fiber product 𝐸×𝑀𝐽𝑚𝐸′. Let 𝑘 ∈ Z∪{∞}
be such that 𝑘 ≥ 𝑚 + 1. Endow Γ∞(𝐸′) with the Whitney 𝐶𝑘-topology and
let
𝐺 = {𝜑 ∈ Γ∞(𝐸′) | (id𝐸 , 𝑗𝑚𝜑 ∘ 𝜋) t𝑊},
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where 𝜋 : 𝐸 → 𝑀 denotes the projection. Then 𝐺 is a residual subset of
Γ∞(𝐸′).
By letting 𝑚 = 1 + 𝑟, 𝐸 = 𝑇𝑀 and 𝐸′ = 𝐿 we obtain the following.
Lemma 4.2. Let 𝑀 be a smooth manifold and let 𝜋 : 𝑇𝑀 → 𝑀 be the
projection. Let𝑊 ⊆ 𝑇𝑀×𝑀𝐽1+𝑟𝐿 be a smooth submanifold. Let 𝐺 be the set
of Lorentzian metrics 𝑔 ∈ Γ∞(𝐿) such that the map 𝜌𝑔 : 𝑇𝑀 → 𝑇𝑀×𝑀𝐽1+𝑟𝐿
defined by 𝜌𝑔(𝑋) = (𝑋, 𝑗1+𝑟𝜋(𝑋)𝑔) is transverse to 𝑊 . Let 𝑘 ∈ Z∪{∞} be such
that 𝑘 ≥ 𝑟 + 2. Then 𝐺 is residual in the Whitney 𝐶𝑘-topology on the space
Γ∞(𝐿) of all Lorentzian metrics.
We can now prove that generic metrics have no 𝑟-nongeneric vectors if 𝑟
is sufficiently large.
Main Theorem (Generic metrics satisfy the generic condition). Let 𝑀 be
a smooth manifold of dimension 𝑛 ≥ 3. Let 𝑟 be an integer such that
𝑟 >
4𝑛− 2
(𝑛− 1)(𝑛− 2) .
Let 𝑘 ∈ Z ∪ {∞} be such that 𝑘 ≥ 𝑟 + 2. Let 𝐿 denote the fiber bundle
of inner products of Lorentzian signature on 𝑇𝑀 and endow the set Γ∞(𝐿)
of smooth sections of 𝐿 (i.e. the set of Lorentzian metrics on 𝑀) with the
Whitney 𝐶𝑘-topology. Then there is a residual and dense set 𝐺 ⊆ Γ∞(𝐿)
such that if 𝑔 ∈ 𝐺 then no nonzero vector is 𝑟-nongeneric in 𝑔.
This implies that if 𝑔 ∈ 𝐺 then the points at which (?˙?♭⊗?˙?♭) ∧○ 𝑅( · , ?˙?, · , ?˙?)
is zero along any 𝑔-geodesic 𝛾 form a discrete set. In particular,
∙ the lightlike generic condition holds for each metric 𝑔 ∈ 𝐺,
∙ the timelike generic condition holds for each metric 𝑔 ∈ 𝐺,
∙ the spacelike generic condition holds for each metric 𝑔 ∈ 𝐺.
Proof. Let
𝑊 ̸= = 𝛼−1𝑟 (N̸
=
𝑟 ),
𝑊= = 𝛼
−1
𝑟 (N
=
𝑟 ).
Since 𝛼𝑟 is a submersion by Lemma 2.4, these sets are submanifolds with
the same codimensions as N ̸=𝑟 and N=𝑟 :
codim(𝑊 ̸=) =
𝑟𝑛(𝑛− 1)
2
,
codim(𝑊=) =
𝑟(𝑛− 1)(𝑛− 2)
2
+ 1.
By Lemma 4.2 there is a set 𝐺 ⊆ Γ∞(𝐿), residual in the Whitney 𝐶𝑘-
topology, of Lorentzian metrics 𝑔 such that the map 𝜌𝑔 : 𝑇𝑀 → 𝑇𝑀 ×𝑀 𝐽1+𝑟𝐿
defined by 𝜌𝑔(𝑋) = (𝑋, 𝑗1+𝑟𝜋(𝑋)𝑔) is transverse to 𝑊 ̸= and 𝑊=. The manifold
𝑇𝑀 has dimension 2𝑛. We have assumed that 𝑛 ≥ 3 and that
𝑟 >
4𝑛− 2
(𝑛− 1)(𝑛− 2)
so it holds that 2𝑛 < codim(𝑊 ̸=) and 2𝑛 < codim(𝑊=). Hence the transver-
sality means that im 𝜌𝑔 is actually disjoint from both 𝑊 ̸= and 𝑊=. Since
𝑊 ̸= ∪ 𝑊= = 𝛼−1𝑟 (N𝑟) we have now proved that 𝛼𝑟(im 𝜌𝑔) ∩ N𝑟 = ∅, in
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other words that the metric 𝑔 has no 𝑟-nongeneric vectors. Since 𝐺 is resid-
ual in the Whitney 𝐶∞-topology, it is dense in the Whitney 𝐶∞-topology
(by Proposition A.5) and hence dense in the Whitney 𝐶𝑘-topology. This
completes the proof of the first part of the theorem.
Let 𝑔 ∈ 𝐺 and let 𝛾 be a 𝑔-geodesic. That every non-zero vector is 𝑟-
nongeneric implies that for each 𝑡 ∈ dom(𝛾) there is some 𝑘 such that
∇𝑘?˙?(𝑡)
(︁
(?˙?♭ ⊗ ?˙?♭) ∧○ 𝑅( · , ?˙?, · , ?˙?)
)︁
̸= 0.
This means that the zeros of
(︀
?˙?♭ ⊗ ?˙?♭)︀ ∧○ 𝑅( · , ?˙?, · , ?˙?) along 𝛾 form a discrete
set. In particular, each inextendible geodesic has at least one tangent vector
which is generic, proving that the lightlike, timelike and spacelike generic
conditions hold for 𝑔. 
The inequality relating 𝑟 and 𝑛 may be weakened slightly if one instead
wants to prove that the space of 𝑟-nongeneric vectors for generic metrics is
0-dimensional. This would also be sufficient to conclude that the generic
condition holds for generic metrics.
The inequality can also be weakened if one is only interested in the timelike
and spacelike generic conditions.
Appendix A. Jet bundles and Whitney topologies
A.1. Jet bundles. As references for jets we suggest [4, Chapter 1], [5, Chap-
ter II, §2] and [10].
Definition A.1. Let 𝐸 → 𝐵 be a smooth fiber bundle. A local section
around a point 𝑏 ∈ 𝐵 is an open neighborhood 𝑈 of 𝑏 together with a section
𝑠 : 𝑈 → 𝐸|𝑈 of the restricted fiber bundle 𝐸|𝑈 → 𝑈 .
A construction of 𝑘-jet bundles, complete with their fiber bundle struc-
tures, can be found in [10, Chapter 6]. As sets they are described as follows.
Definition A.2. Let 𝜋 : 𝐸 → 𝐵 be a smooth fiber bundle, and let 𝑘 be a
nonnegative integer. The 𝑘-jet bundle 𝐽𝑘𝐸 is a fiber bundle over 𝐵 whose
fiber 𝐽𝑘𝑏 𝐸 over 𝑏 ∈ 𝐵 is the set of equivalence classes of local sections around
𝑏 under the relation defined by letting 𝜎1 ∼ 𝜎2 if
∙ 𝜎1(𝑏) = 𝜎2(𝑏),
∙ after choosing suitable coordinates (using a local trivialization) for 𝐵
and 𝐸 around 𝑏 and 𝜎1(𝑏) = 𝜎2(𝑏), and locally viewing the sections
𝜎𝑖 as functions 𝑓𝑖 from the trivializing neighborhoods to a fiber, the
partial derivatives of 𝑓1 and 𝑓2 at 𝑏 agree up to order 𝑘.
We use the notation 𝐽𝑘𝐸 instead of the more proper 𝐽𝑘𝜋 since all jets in
this paper are with respect to the same base space 𝑀 . Note that 𝐽0𝐸 can
be identified with 𝐸 itself.
There is a natural fiber bundle map
𝐽𝑘+1𝐸 𝐽𝑘𝐸
𝐵
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defined by discarding information about the highest-order partial derivatives.
This map also allows us to view 𝐽𝑘+1𝐸 as a fiber bundle over 𝐽𝑘𝐸.
A section 𝑠 of a fiber bundle 𝐸 → 𝐵 gives rise to a section 𝑗𝑘𝑠 of the fiber
bundle 𝐽𝑘𝐸 → 𝐵, for each nonnegative integer 𝑘. The section 𝑗𝑘𝑠 is called
the prolongation of 𝑠. Evaluating 𝑗𝑘𝑠 at a point 𝑏 ∈ 𝐵 gives an element
𝑗𝑘𝑏 𝑠 ∈ 𝐽𝑘𝑏 𝐸 which we call the 𝑘-jet of 𝑠 at 𝑏.
Analogously to the definition above, one can define the space 𝐽𝑘(𝑀,𝑁)
of jets of arbitrary smooth maps between smooth manifolds 𝑀 and 𝑁 . See
[5, Chapter II, §2] for details.
A.2. Whitney topologies. We will define a family of topologies called the
Whitney 𝐶𝑘-topologies on function spaces 𝐶∞(𝑀,𝑁). For details, see [5,
Chapter II, §3].
Definition A.3. Let𝑀 and 𝑁 be smooth manifolds. Fix some nonnegative
integer 𝑘. For each open subset 𝑈 of 𝐽𝑘(𝑀,𝑁), let
𝑀𝑘(𝑈) =
{︁
𝑓 ∈ 𝐶∞(𝑀,𝑁) | 𝑗𝑘𝑓(𝑀) ⊆ 𝑈
}︁
.
The collection {︁
𝑀𝑘(𝑈) | 𝑈 ⊆ 𝐽𝑘(𝑀,𝑁) is open
}︁
forms a basis for the Whitney 𝐶𝑘-topology on 𝐶∞(𝑀,𝑁).
The collection{︁
𝑀𝑘(𝑈) | 𝑘 ≥ 0 and 𝑈 ⊆ 𝐽𝑘(𝑀,𝑁) is open
}︁
forms a basis for the Whitney 𝐶∞-topology on 𝐶∞(𝑀,𝑁).
Definition A.4. A subset of a topological space is residual if it is a countable
intersection of open dense sets. A topological space is a Baire space if every
residual set is dense.
Proposition A.5 ([5, Chapter II, Proposition 3.3]). Let𝑀 and 𝑁 be smooth
manifolds. Then 𝐶∞(𝑀,𝑁) endowed with the Whitney 𝐶∞-topology is a
Baire space.
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